In this paper we construct a multiscale solution method for the gravimetry problem, which is concerned with the determination of the earth's density distribution from gravitational measurements. For this purpose isotropic scale continuous wavelets for harmonic functions on a ball and on a bounded outer space of a ball, respectively, are constructed. The scales are discretized and the results of numerical calculations based on regularization wavelets are presented. The obtained solutions yield topographical structures of the earth's surface at di erent l e v els of localization ranging from continental boundaries to local structures such a s A y er's Rock and the Amazonas area.
INTRODUCTION Introduction
The increasing interest in advanced methods in signal and image processing motivated the development of Euclidean wavelets (see for example Mallat 14] (1989)). For more details on Euclidean wavelets and their application in signal and image processing see Mallat's presentation at the International Congress of Mathematicians 1998 ( 15] ) and the references herein. Later on the advantages of wavelets became of interest for geomathematical problems such as the representation of the earth's gravitational eld. Since the common operators in geodesy and geophysics are isotropic (cf. for example Svensson 20] (1983)), the introduced scale continuous spherical wavelets and their discretizations (see Freeden, Windheuser 11] (1996) ) were chosen to be product kernels
where are unit vectors and fY n j g n2N j2f1 ::: 2n+1g is an orthonormal system of homogeneous harmonic polynomials. This isotropy allows the application of the addition theorem for spherical harmonics (see for example 8], p. 37) which enables the representation of these kernels as one-dimensional functions ( ) = 1 X n=0 ( )^(n) 2n + 1 4 P n ( ) (2) where P n is the Legendre polynomial of degree n. Moreover, pyramid schemes are available as fast numerical algorithms (see Schreiner 19] (1996) for the band{limited case, Freeden 7] (1999) for the non{band{limited case and Beth 4] (2000) for the generalization to vector elds including error control). For more details on spherical wavelets and their application to geomathematical problems we refer to Freeden et al. ( 8] (1998)), Freeden ( 7] (1999)) and the references in the monographs. A group theoretical approach for the construction of scale continuous spherical wavelets is used by Vandergheynst ( 21] (1998), see also Antoine, Vandergheynst 1] (1999)). These wavelets are in general not isotropic such that they are not suitable for most of the geoscienti c problems but might be appropriate in image processing. However, scale discrete versions of these wavelets have not beenconstructed and they have not been applied to real problems yet, such that their numerical properties and their applicability still have to be investigated. Since a regular surface is a better approximation to the earth's surface than a sphere, Freeden, Schneider ( 10] (1998)) developed scale discrete wavelets on these generalized domains.
However, mathematical models in the geosciences do not always use functions, whose domain is a surface. An example of such an interesting geomathematical problem is the gravimetry problem, which is concerned with the inversion of Newton's gravitational potential 7 ! Z earth (x) jx ; j dx:
The reconstruction of the density distribution of the earth has numerous applications, for example in geoexploration and seismology. A characteristic drawback of this inverse problem is the non{uniqueness of the solution.
More precisely, only the harmonic part of an L 2 {density function can be reconstructed from the gravitational potential. The orthogonal space of so{ called anharmonic functions is the null space of the corresponding Fredholm integral operator of rst kind. Therefore, solution strategies for the gravimetry problem should be aware of the fact that only the restriction to harmonic functions yields a uniquely solvable problem. The anharmonic part of the earth's density distribution must be determined from non{gravitational a priori information (see e.g. Weck 24 ] (1972), Ballani, Stromeyer 3] (1990), Ballani et al. 2] (1993) and Michel 16] (1999)). Therefore, we restrict our attention to the construction of a multiresolution for harmonic functions in this work. In Michel ( 16] ) scale discrete wavelets and scaling functions for harmonic functions on the inner space of a sphere and a bounded outer space (for example the area from the earth's surface to a satellite orbit), respectively, are constructed for the development of a multiscale solution method for the gravimetry problem. The standard technique in physical geodesy is an expansion of the investigated functions in a basis of homogeneous harmonic polynomials. This has obvious disadvantages. The most essential drawback is the global support of the basis, such that a highly localized resolution is only obtainable by increasing the maximum degree of the truncated singular value decomposition to extreme sizes, which is from the numerical point of view very expensive and severely instable. Uncertainty principles in this context (see for example Freeden, Michel 9] (1999)) show that the product of the variances in space and momentum must belarger than a given positive constant. Therefore, a purely momentum localizing technique like the calculation of Fourier coecients with respect to homogeneous polynomials has no space localization, such that, as an improvement, kernels are needed which h a ve a positive v ari-ance in space as well as in momentum. Wavelets satisfy this desired property. Moreover, the choice between band{limited and non{band{limited wavelets allows the variation of the intensities of the localizations. Whereas the usual approach to scale discrete wavelets, i.e. the kernels J are only de ned for values J 2 N or J 2 Z, begins with the introduction of scale continuous wavelets, i.e. kernels with 2 R + (see for example Freeden,
Windheuser 11] and Freeden et al. 8], p. 227), which are then discretized, the approach in Michel ( 16] ), such as the approaches in Freeden, Schneider ( 10] ) and Freeden ( 7] ), directly constructs scale discrete wavelets. We will see in this work that it is also possible to develop a continuous wavelet theory for the gravimetry problem, from which scale discrete wavelets can be derived, which are very similar to those introduced in Michel ( 16] ). Since the Fredholm integral operator in (3) is isotropic, the constructed wavelets are chosen to be isotropic, too. Here, we restrict our attention to the bilinear case, since this approach allows to represent a function via a wavelet coecient scheme. Finally, we discuss the application of the introduced wavelets and scaling functions to the gravimetry problem and show some results of numerical calculations for the density on the earth's surface from the NASA, GSFC, and NIMA Earth Geopotential Model (EGM96).
Harmonic Functions
In this section we will present the de nitions and important w ell-known properties of harmonic functions. By N we denote the set of all non-negative integers. Z is the symbolfor the set of integers and R is the symbolfor the set of real numbers, such that R + 0 represents all non-negative real numbers and R + represents all positive real numbers. The Euclidean scalar product on R n is denoted by x y := n P i=1
x i y i , x y 2 R n . Every integral used in this work is a Lebesgue integral. As usual L 2 (D) denotes the set of all classes of almost everywhere identical squareintegrable functions on the measurable set D R n .
De nition 2.1 ( 5] As domains of the considered functions we use the unit sphere : = 2 R 3 j j = 1 (4) and the closures of the bounded outer space B ext := x 2 R 3 < jxj < (5) ( > su ciently large) and the inner space B int := x 2 R 3 jxj < (6) of the sphere B with radius > 0. B is supposed to bean approximation to the earth's surface. One can use for example the maximum radius of a satellite orbit as .
The introduction of the restriction jxj in B ext allows us to use outer harmonics (see De nition 2.2) of degree ;1 i n L 2 B ext . In physical geodesy it is usual to avoid coe cients of this degree by c hoosing an appropriate earth's xed coordinate system (cf. 12]).
As already mentioned fY n j g n2N j2f1 ::: 2n+1g denotes a complete orthonormal system in Harm( ), such that Y n j is the restriction of a homogeneous harmonic polynomial of degree n to .
De nition 2.2 Let a system of spherical harmonics fY n j g n2N j=1 ::: 2n+1 be given as introduced above. ; K (m) ^( ;n ; 1) = (K^(;n ; 1)) m (19) for all m 2 N n f 0g and all n 2 N.
Continuous Wavelets of Order m
First of all we want to de ne the wavelets as a family of product kernels.
De nition 4.1 Let w : R + ! R + be a positive integrable function and m 2 N f ; 1g be a given number. We call w a weight function. Furthermore, let f g 2R + be a family of harmonic product kernels. They are called (outer) 
(ii) For every 2 R + and every n 2 f 2 N j 0 mg ( )^(;n ; 1) = 0:
In this case the kernel : = 1 is called mother wavelet. q.e.d.
More precisely, we obtained that
where the norm on the right h a n d side is taken over a function which is the projection of F onto the closure of the space 
where P ;1 G := 0 for all G 2 Harm B ext . Proof: We get The Beppo Levi Theorem now allows us to interchange summation and integration in (43). We get
Now we can introduce the continuous wavelet transform. 
Hence,
in the sense of L 2 B ext , q.e.d.
Scaling Functions
In the scale discrete theory of 16] we rst de ned scaling functions and then used them in order to de ne wavelets. Here we do it the other way round.
De nition 5. 
Assume that such a radius does not exist. Then for every r 2] there exists a subset E r ; r with 2 (E r ) > 0, such that 
for all R 2 R + and all n 2 N with n > m . Hence, (61) is valid. As ( R )^(;n ; 1) is constant in R for n 2 f 2 N j 0 mg we have ( )^(;n ; 1) = 0 for all n 2 f 2 N j 0 mg and all 2 R + . This is property (ii). Now we come to the remaining properties of the wavelets. q.e.d.
We c a n i n troduce scale spaces and detail spaces like in the scale discrete case.
De nition 5. Conditions (i) and (ii) show that in the convolution with (2) only the frequencies with n > m are considered. Hence, the detail spaces are images of band-pass lters as the Fourier coe cients of the wavelets must converge to 0 f o r n ! 1 .
Another property that we obtain is the multiresolution. 
Proof: a) The fact that ( R )^(;n ; 1) = 1
for all R 2 R + , if n m, implies ( R ) (2) 
Examples
In 8], p. 242f examples for spherical scale continuous wavelets are given. As the conditions for the wavelets refer to the symbolswe can transfer the spherical wavelets to our wavelets. are called P-wavelet packets.
Scale Discrete Wavelets
In 16] scale discrete harmonic wavelets have been introduced for the bounded outer space and the inner space of the sphere B. We will see now that the scale continuous and scale discretized wavelets introduced in this paper can beused to derive scale discrete wavelets similar to the type treated in 16].
De nition 8.1 Let f g 2R + be a family of scale continuous wavelets of order m 2 N f;1g. The corresponding family of wavelet packets with respect to a series f j g j2Z be denoted by f P j g j2Z .
We Proof: Let the scale discrete kernels be derived from the families of wavelets f g 2R + , wavelet packets f P j g j2Z and scaling functions f R g R2R + . We rememberthatwe de ned 
where is the delta distribution, we obtain in the sense of distributions, using the common notation in physics and assuming that 2 := , jx ; j dx:
The investigation of the earth's interior is one of the oldest problems in science history. In the late 1930s the increasing need for oil motivated a prospecting technique based on gravitational measurements (see for example 17] and 18]). A series of further investigations of this problem followed, where the determination of the earth's density distribution from measurements of the gravitational potential or related quantities was discussed from theoretical as well as practical point of view. For an exemplary overview of publications concerned with the gravimetry problem see 16] and the references therein. However, the investigation of the earth's interior is not only needed for prospecting for oil and other rare resources. It has a series of other applications, among which seismology certainly plays an important role. A better understanding of the geophysical wave propagation is only possible if current models of the earth's composition are improved. Since the second usual method of investigating the earth's interior is the seismic inversion, which reconstructs re ections of seismic waves on density discontinuities from delays in the arrival of the waves at seismographs, density models obtained via this technique should, from the scienti c point of view, not be used for developing a seismological and tectonical model for the earth. Therefore, methods for the determination of the earth's inner structures that are independent of seismological measurements, such as the discussion of the gravimetry problem, are needed. Again we only give a sketch of a proof for reasons of brevity.
Sketch of a Proof: We have q.e.d.
The conditions on the symbols are for example satis ed by the Abel-Poisson scaling functions and the Gau -Weierstra scaling functions in case of the gravimetry problem. Figures 1 and 2 show the results of the determination of Abel-Poisson scale space and detail space solutions at di erent scales, plotted on the surface of the earth. The corresponding sequence is J = 2 ;J . EGM96 was used as potential and the reconstruction of the solutions was based on formula (149). We see that the space localization increases if the scale increases. This observation corresponds to the uncertainty principles in 8] and 9]. The images of the harmonic solutions on the surface yield many interesting topographical details, such as the Amazonas area and Ayer's Rock in Figure  2 . We k n o w that only the harmonic part of the earth's density distribution can be reconstructed from the gravitational potential. The method developed in this work allows a multiscale regularization of this solution, i.e. we are able to determine an arbitrarily goodapproximation to the exact harmonic solution by solving a well{posed problem. We can improve the resolution by increasing the scale of the regularization. Whereas former approaches only dealt with truncated polynomial expansions having no space localization, the new multiresolution technique allows the separation of structures with di erent scales of (space as well as momentum) localization.
